























SUPERSINGULAR LOCI FROM TRACES OF HECKE OPERATORS
KEVIN GOMEZ, KAYA LAKEIN, AND ANNE LARSEN
Abstract. A classical observation of Deligne shows that, for any prime p ≥ 5, the divisor poly-





(x− j(E)) ∈ Fp[x].
Deuring, Hasse, and Kaneko and Zagier found other families of modular forms which also give
the supersingular polynomial at p. In a new approach, we prove an analogue of Deligne’s result
for the Hecke trace forms Tk(z) defined by the Hecke action on the space of cusp forms Sk. We
use the Eichler-Selberg trace formula to identify congruences between trace forms of different
weights mod p, and then relate their divisor polynomials to Sp(x) using Deligne’s observation.
1. Introduction and Statement of Results
Let K be a field of characteristic p > 0, and let K be its algebraic closure. An elliptic curve
E/K is called supersingular if the group E(K) has no p-torsion. This condition depends only on
the j-invariant of E, and there are only finitely many supersingular j-invariants in Fp [4]. Thus,





If E/Fp is supersingular, then j(E) ∈ Fp2 [9, Theorem 3.1], hence Sp(x) splits completely in
Fp2. Moreover, the Galois conjugate of any j-invariant of a supersingular elliptic curve over Fp
will be the j-invariant of another supersingular elliptic curve over Fp, therefore Sp(x) ∈ Fp[x]
factors into linear and quadratic irreducibles in Fp[x]. The objective of this paper is to determine
Sp(x) using the theory of modular forms, in particular the theory of Hecke operators on spaces
of integral weight cusp forms for SL2(Z).










0 if p ≡ 1 (mod 3),
1 if p ≡ 2 (mod 3), and εp :=
{
0 if p ≡ 1 (mod 4),
1 if p ≡ 3 (mod 4).
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For instance, the factorizations of Sp(x), S̃p(x) in Fp[x] for several primes p ≥ 5 are as follows:
p Sp(x) S̃p(x)
5 x 1
7 x+ 1 1
13 x+ 8 x+ 8
17 x(x+ 9) x+ 9
29 x(x+ 4)(x+ 27) (x+ 4)(x+ 27)
37 (x+ 29)(x2 + 31x+ 31) (x+ 29)(x2 + 31x+ 31)
Table 1. Supersingular loci for small primes p
For any even integer k ≥ 4, we denote the space of modular forms of weight k on SL2(Z) by
Mk, and the subspace of cusp forms by Sk. Any such k can be written uniquely in the form
k = 12m+ 4δ + 6ε with m ∈ Z≥0, δ ∈ {0, 1, 2}, and ε ∈ {0, 1}. Let ∆(z) ∈ S12 denote the usual
discriminant function, and let E4(z) and E6(z) denote the Eisenstein series of weights 4 and 6,
respectively. Then if f ∈ Mk, we have
(1.4) f(z) = ∆(z)mE4(z)
δE6(z)
εF (f ; j(z))
for some polynomial F (f ; x) ∈ C[x] of degree m, which has leading coefficient equal to the
constant term of the Fourier expansion of f(z) [4]. We call F (f ; x) the divisor polynomial of f .
A classical observation of Deligne [8] establishes that
(1.5) Sp(x) ≡ xδp(x− 1728)εpF (Ep−1; x) (mod p).
Combined with (1.4) and the fact that Ep−1(z) ≡ 1 (mod p) for any prime p ≥ 5 [7, Lemma 1.22],
this relation yields an explicit expression for Sp(x). The Eisenstein series Ep−1(z) is, however,
not the only modular form that can be used to obtain information about the supersingular locus
at p. Deuring and Hasse [8] proved the analogue of (1.5) for the modular forms Hp−1 ∈ Mp−1,
defined as the coefficient of xp−1 in the polynomial
(1− 3E4(z)x4 + 2E6(z)x6)
p−1
2 = 1− 3(p− 1)
2
E4(z)x
4 + (p− 1)E6(z)x6 +O(x8),
and Kaneko and Zagier [4, Theorem 1] showed the same relation for two further families of
modular forms Gp−1 and Fp−1, defined as the coefficient of x
p−1 in the expansion
(1− 3E4(z)x4 + 2E6(z)x6)−
1









and the unique normalized solution in Mp−1 to a particular differential equation, respectively.
Remark. Along different lines, Atkin defined a measure on Q[j(z)] and a family of orthogonal
polynomials whose reductions mod p recover Sp(x) [4, Theorem 3]. Moreover, Ahlgren and Ono
showed that if wt(Q) is the Weierstrass weight of Q ∈ X0(p) and gp is the genus of X0(p), then∏
Q∈X0(p)
(x− j(Q))wt(Q) ≡ Sp(x)gp(gp−1) (mod p),
hereby demonstrating that the arithmetic of Weierstrass points on the modular curve X0(p) offers
another way of locating Sp(x) [1, Theorem 1].
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Given these results, it is natural to ask whether there are other canonical families of modular
forms whose reductions mod p encode information about Sp(x). For example, given that Mk =
CEk ⊕ Sk, one might ask whether any particular element of Sk also has a divisor polynomial
divisible by the supersingular j-invariants corresponding to some prime p ≥ 5. For non-negative
even integers k 6= 2, we consider the basis for Sk consisting of simultaneous eigenforms of the
family of Hecke operators {T (n) : n ≥ 2} [7, Definition 2.1]. We can extract information about
the supersingular locus from the Hecke trace forms Tk(z), defined as the sum of the Hecke
eigenforms in Sk (each normalized to have q-coefficient 1), or equivalently,





where Trk(n) is the trace of T (n) acting on Sk.
Theorem 1.1. If p ≥ 5 is prime, k ≥ 4 is an even integer, and
n =
{
(p2 + p)⌊ k
p3−p
⌋ k 6≡ 0, 2 (mod p3 − p),
(p2 + p)(⌊ k
p3−p
⌋ − 1) k ≡ 0, 2 (mod p3 − p),
then S̃p(x)
n divides the divisor polynomial F (Tk; x) mod p.
This result will follow immediately from Theorem 4.1, which expresses F (Tk; x) mod p as a
product of the factors S̃p(x), x, x − 1728, and the divisor polynomial of a lower weight trace
form. In certain special cases, we get the following simple factorization:
Corollary 1.2. If p ≥ 5 is a prime and k ≥ 4 is an even integer such that k ≡ 12, 16, 18, 20, 22, 26
(mod p3 − p), then
F (Tk; x) ≡ S̃p(x)nxα(p,k)(x− 1728)β(p,k) (mod p),
where n = (p2 + p)⌊ k
p3−p
⌋, and α(p, k) and β(p, k) are given in Corollary 4.2.
Example. Let p = 13 and k = 2196. Note that k = p3 − p+ 12, hence k satisfies the condition
of Corollary 1.2. We have that
T2196(z) = 183q + 930885 . . .406856q
2 + . . .
≡ q + 2q2 + 5q3 + 10q4 + 7q5 + . . . (mod 13)
where the coefficient of q2 is ≈ 9.3× 10328. The divisor polynomial of T2196(z) is then
F (T2196; x) ≡ (x+ 8)182 ≡ S̃13(x)n (mod 13),
where n = (132 + 13)⌊ 2196
133−13
⌋ = 182, and α(13, 2196) = β(13, 2196) = 0.









where for the purpose of defining the divisor polynomial F (T̂
(p)
k ; x), we consider T̂
(p)
k (z) to be the
mod p reduction of a modular form of weight k + p2 − 1 [7, Proposition 2.44]. We then obtain
the following analogue to Theorem 1.1, which will again follow from a more complete description
of the divisors of F (T̂
(p)
k ; x), given in Theorem 4.3.
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Theorem 1.3. If p ≥ 5 is prime, k ≥ p2 − 1 is an even integer such that k ≡ 0, 4, 6, 8, 10, 14
(mod p2− 1), and n = (p+1)(⌊ k
p2−1
⌋− 1), then S̃p(x)n divides the divisor polynomial of T̂ (p)k (z).
Example. Let p = 19 and k = 724. Note that k = 4+2(p2− 1), hence k satisfies the conditions
of Theorem 1.3. We have that
T̂
(19)
724 (z) = 3q + 12q
4 + 10q5 + 14q7 + 8q9 + . . . .
The divisor polynomial of T̂
(19)
724 (z) is such that
F (T̂
(19)
724 ; x) ≡ 3 · x6(x+ 1)24(x+ 12)48(x2 + 7x+ 5)Q1(x)Q2(x) (mod 19),
where
Q1(x) ≡ x4 + 11x3 + 6x2 + 17x+ 13 (mod 19),
Q2(x) ≡ x5 + 9x4 + 3x3 + x2 + 7x+ 4 (mod 19).
We then see that S̃19(x) ≡ (x + 12) (mod 19) divides F (T̂ (19)724 ; x) with multiplicity greater than
or equal to (19 + 1)(⌊ 724
192−1
⌋ − 1) = 20.
Given modular forms f and g of even weights k1 and k2, such that k2 > k1 ≥ 4, which are
equivalent (and nonzero) mod p, the theory of modular forms mod p implies that k2−k1 = n(p−1)
for some n ∈ Z+ [7, Proposition 2.43]. Thus, g and Enp−1f have the same divisor polynomial
mod p, where it follows from Deligne’s observation that the divisor polynomial of Enp−1f mod
p is a product of factors of S̃p(x), x, (x − 1728), and the divisor polynomial of f . To prove
Theorems 1.1 and 1.3, we thus find equivalences between trace forms with different weights using
the Eichler-Selberg trace formula.
The paper is organized as follows: In Section 2, we recall the Eichler-Selberg trace formula
and the Kronecker-Hurwitz class number relation, and prove Theorems 2.1 and 2.2, which de-
scribe pairs of weights k2 > k1 ≥ 4 whose trace forms are (up to a constant multiple) equivalent
mod p ≥ 5. In Section 3, we derive a formula (see Proposition 3.3) relating the divisor poly-
nomials of modular forms with different weights which are equivalent mod p using Deligne’s
observation that F (Ep−1; x) ≡ S̃p(x) (mod p). In Section 4, we combine Theorems 2.1 and 2.2
with Proposition 3.3 to prove Theorems 4.1 and 4.3 describing the factorizations of the divisor
polynomials of certain trace forms and modified trace forms, from which we immediately ob-
tain Theorems 1.1 and 1.3. We conclude with some illustrative numerical examples of our main
theorems in Section 5.
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2. Congruences for Hecke Trace Forms
The main results of this section, which will be used to prove Theorems 1.1 and 1.3 in Section 4,
are the following two theorems regarding congruences between Hecke trace forms of different
weights mod p:
Theorem 2.1. If p ≥ 5 is prime and k1, k2 are even integers such that k2 > k1 ≥ 4, then
(2.1) Tk2(z) ≡ m · Tk1(z) (mod p)
for some m ∈ F×p whenever k1 and k2 are related by one of the following conditions:
(i) k2 = k1 + cp(p
2 − 1) for c ∈ Z+ (in which case m = 1),
(ii) k2 = k1 + c(p
2 − 1) for some c ∈ Z+ such that c + 1 6≡ 0 (mod p), where p ≤ 11 and
k1 = (p
2 − 1) + 0, 4, 6, 8, 10, 14 (in which case m = c+ 1), or
(iii) k2 = k1 + c(p− 1) for c ∈ Z+, where p ≤ 11 and dimSk1 = dimSk2 (in which case m = 1).
Remark. For any prime p ≥ 5, the theory of modular forms mod p shows that congruences of
the form (2.1) can only occur for pairs of even weights k2 > k1 ≥ 4 that differ by a multiple of
p− 1 [7, Proposition 2.43]. Apart from this, it is natural to ask whether the conditions for such
congruences given in Theorem 2.1 are comprehensive. This is the case for p ∈ {5, 7, 11}, and
a general search of trace forms of weight up to 300 did not reveal any congruences except those
predicted by Theorem 2.1 for p ≥ 13.
Theorem 2.2. If p ≥ 5 is prime, k ∈ {0, 4, 6, 8, 10, 14}, and m ∈ Z≥1, then
(2.2) T̂
(p)
k+m(p2−1)(z) = m · T̂
(p)
k+p2−1(z).
Remark. Note that given any even integer k ≥ 4, we have that T̂k(z) is the q-expansion obtained








Ramanujan’s differential operator. Strictly speaking, we obtain a relation as in (2.2) by applying
Θ to Tk+(p2−1)(z) and Tk+m(p2−1)(z) only once and reducing mod p. The effect of applying this
operator p − 1 times instead is that the resulting q-expansion is identical to the original one,
except that all coefficients whose order is divisible by p are annihilated.
In Section 2.1, we recall the Eichler-Selberg trace formula, which we use to prove Theorem 2.1.
The proofs of Theorems 2.1 and 2.2 then follow in Sections 2.2 and 2.3.
2.1. The Eichler-Selberg Trace Formula. Following Zagier’s appendix in [5], we define the
Hurwitz class numbers H(n) for n ∈ Z as follows: letH(n) = 0 whenever n < 0, andH(0) = − 1
12
.
For n > 0, define H(n) to be the number of equivalence classes with respect to SL2(Z) of positive
definite binary quadratic forms
f(x, y) = ax2 + bxy + cy2, a, b, c ∈ Z,
with discriminant ∆(f) := b2 − 4ac = −n, where we count forms equivalent to x2 + y2 with
multiplicity 1
2
, and forms equivalent to x2 + xy + y2 with multiplicity 1
3
.
Moreover, for any even integer k > 0, we define the polynomial Pk(t, n) to be the coefficient
of xk−2 in the series expansion of (1− tx+ nx2)−1. Then we have that
(2.3) Pk(t, n) =
ρk−1 − ρ̄k−1
ρ− ρ̄ ,
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where ρ, ρ̄ are defined by the relations ρ + ρ̄ = t and ρρ̄ = n. With these definitions, the
Eichler-Selberg Trace Formula can be stated as follows:
Eichler-Selberg Trace Formula. If k ≥ 4 is an even integer and n ∈ Z+, then the trace of
the Hecke operator T (n) on the space of cusp forms Sk is given by










where the second sum is taken over all factorizations dd′ = n with d, d′ ≥ 1.
Note that the first sum is in fact finite since H(4n− t2) is non-zero only when |t| ≤ 2√n.
2.2. Proof of Theorem 2.1. To prove (i), we use the Eichler-Selberg trace formula to show
that Trk(n) ≡ Trk+p(p2−1)(n) (mod p) for each n ≥ 1. Using Fermat’s little theorem, we see that
min(d, d′)(k+p(p
2−1))−1 ≡ min(d, d′)k−1 (mod p), hence we need only to consider the first term in
(2.4). In particular, it will suffice to prove that
Pk(t, n) ≡ Pk+p(p2−1)(t, n) (mod p)
for each n ≥ 1 and t ∈ Z such that |t| ≤ 2√n.
If t2 = 4n, we have that Pk(t, n) is the x
k−2 coefficient of



















i.e., Pk(t, n) = (k − 1)22−ktk−2. The desired congruence Pk(t, n) ≡ Pk+p(p2−1)(t, n) (mod p) then
follows by Fermat’s little theorem.
From now on, we can assume that t2 − 4n < 0. In particular, using the expression for Pk(t, n)
given in (2.3), we see that ρ, ρ̄ lie in the imaginary quadratic field K = Q(
√
t2 − 4n). We now
split into cases based on how p splits in OK . We will see that for fixed t, n, the values Pk(t, n)
mod p are periodic in k with periods p2 − 1, p− 1, or p(p− 1) depending on the case.
Case 1: If p is inert in OK , we have OK/(p) ∼= Fp2, so in particular either ρ ∈ (p) or
ρp
2−1 ≡ 1 ∈ OK/(p). If ρ ∈ (p), i.e., vp(ρ) ≥ 1, then the same is true of ρ̄, and
Pa+1(t, n) =
ρa − ρ̄a
ρ− ρ̄ = ρ
a−1 + ρa−2ρ̄+ · · ·+ ρ̄a−1
is of valuation ≥ a − 1, which means that Pk1(t, n) ≡ Pk2(t, n) ≡ 0 (mod p) for any even
k1, k2 ≥ 4. If ρ /∈ (p), then the same is true of ρ̄, so we have ρp2−1, ρ̄p2−1 ≡ 1 ∈ OK/(p). Hence
in particular, for any c ∈ Z≥0 we have that
ρk+c(p
2−1)−1 − ρ̄k+c(p2−1)−1 ≡ ρk−1 − ρ̄k−1 ∈ OK/(p).
Note that ρ − ρ̄ =
√
t2 − 4n /∈ (p) by assumption that p is not ramified. Therefore p ∤ t2 − 4n,
and so we can divide the above equation by ρ − ρ̄ to get that Pk+c(p2−1)(t, n) ≡ Pk(t, n) ∈ Fp.
Thus, for fixed t, n so that p is inert in Q(
√
t2 − 4n), we see that the values Pk(t, n) mod p are
in fact (p2 − 1)-periodic in k.
Case 2: If p splits in OK as (p) = p1p2 with p1 6= p2, we have OK/(p) ∼= Fp × Fp, so
the ith coordinate of ρp−1 ∈ Fp × Fp is 1 if ρ /∈ pi, and 0 otherwise. If ρ ∈ pi for some i,
then expanding Pa+1(t, n) as above, we find that Pa+1(t, n) ≡ ρ̄a−1 ∈ OK/pi, and therefore
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Pk(t, n) ≡ Pk+c(p−1)(t, n) ≡ 0 (mod p) for any even k ≥ 4 and any c ∈ Z≥0. Otherwise, if
ρ, ρ̄ /∈ p1, p2, we have ρp−1, ρ̄p−1 ≡ 1 (mod p), which implies that Pk+c(p−1)(t, n) ≡ Pk(t, n)
(mod p) for any c ∈ Z≥0 by the same argument as above: we have
ρk+c(p−1)−1 − ρ̄k+c(p−1)−1 ≡ ρk−1 − ρ̄k−1 (mod pi)
for each i, and as before, since t2 − 4n /∈ (p) (as p does not ramify), ρ − ρ̄ =
√
t2 − 4n /∈ pi.
Dividing by ρ − ρ̄, we get Pk+c(p−1)(t, n) ≡ Pk(t, n) (mod pi) for each i, and so also mod p.
Therefore, for fixed t, n so that p splits in Q(
√
t2 − 4n), we see that the values Pk(t, n) mod p
are (p− 1)-periodic in k.
Case 3: Finally, suppose that p ramifies in OK , i.e., that p = p2 for some prime p. If
vp(ρ) ≥ 1, then vp(ρ̄) ≥ 1 as well, and so by the same argument as in Case 1, we find that
Pk1(t, n) ≡ Pk2(t, n) ≡ 0 (mod p) for all even integers k1, k2 ≥ 4. Otherwise, we have that
ρp−1, ρ̄p−1 ≡ 1 ∈ OK/p. We note that in this case, ρ − ρ̄ =
√
t2 − 4n ∈ p, as t2 − 4n ∈ (p) by
assumption that p 6= 2 ramifies, so we must add a factor of p in
(2.5) Pk(t, n) ≡ (k − 1)ρk−2 ≡ (k + cp(p− 1)− 1)ρk+cp(p−1)−2 ≡ Pk+cp(p−1)(t, n) (mod p).
Thus in this case, for fixed t, n so that p ramifies in Q(
√
t2 − 4n), the values Pk(t, n) mod p are
p(p− 1)-periodic in k.
We verify (ii) and (iii) computationally. First, note that for any pair of weights k2 > k1 ≥ 4
satisfying (ii) or (iii), we have that k2 = k1+c(p−1) for some c ∈ Z+. Since Ep−1 ≡ 1 (mod p) for
all primes p ≥ 5, we may embed Tk1 in Mk2 as Ecp−1Tk1 without changing congruence mod p. To
compare two forms of common weight k2 mod p, it suffices to consider the first ⌊k212⌋ coefficients
of their q-expansions [7, Theorem 2.58]. That is, we verify that Trk2(n) ≡ m · Trk1(n) (mod p)
with the appropriate choice of m ∈ Fp for all 1 ≤ n ≤ ⌊k212⌋. Each Hecke trace is computed using
the Eichler-Selberg trace formula (2.4). Due to the periodicity established in (i), it suffices to
consider pairs of weights of the form 4 ≤ k1 < k2 < p(p2−1)+4. Since pairs of weights satisfying
(ii) or (iii) exist only for p ∈ {5, 7, 11}, the proof thus consists of a finite check. For SageMath
code used to carry out the verification necessary to prove (ii) and (iii), see [3]. 
Example 2.1. As an example of the calculations required to prove Theorem 2.1, we verify that
T24(z) ≡ T28(z) (mod 5), as claimed in (iii). Since Tr24(1) = dimS24 = 2 = dimS28 = Tr28(1), it
suffices to verify that Tr24(2) ≡ Tr28(2) (mod 5). Since 28 ≡ 24 (mod p−1), we have cancellation




P24(t, 2)H(8− t2) ≡
2∑
t=−2
P28(t, 2)H(8− t2) (mod 5).
We compute the following values for P24(t, 2), P28(t, 2), and H(8− t2):
t P24(t, 2) P28(t, 2) H(8− t2)
0 −2048 −8192 1
±1 967 8279 1
±2 −2048 8192 1/2
Table 2. Example Calculations of Pk(t, n) and H(4n− t2)
Using these numerical values, we easily see that (2.6) indeed holds.
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2.3. Proof of Theorem 2.2. The proof of Theorem 2.2 relies on the following congruence
relations for the polynomials Pk(t, n) mod p:
Lemma 2.3. Consider some fixed (t, n) ∈ Z × Z+ so that t2 ≤ 4n, and any prime p ≥ 5 such
that gcd(p, n) = 1. Let k 6= 2 be a non-negative even integer. If p is unramified in Q(
√
t2 − 4n)
and m ∈ Z+, then
Pk+m(p2−1)(t, n) ≡
{
−n−1 (mod p) if k = 0,
Pk(t, n) (mod p) otherwise.
If p is ramified in Q(
√
t2 − 4n) or t2 − 4n = 0, then
Pk+m(p2−1)(t, n) ≡ (k −m− 1)n
k−2
2 (mod p).
Proof. Suppose first that p is not ramified in K := Q(
√
t2 − 4n). By the periodicity established
in Cases 1 and 2 of the proof of Theorem 2.1, we have Pk(t, n) ≡ Pk+m(p2−1)(t, n) (mod p) if
k ≥ 4, and Pm(p2−1)(t, n) ≡ Pp2−1(t, n) if k = 0. For k ≥ 4, this is the desired statement; for
k = 0, we note that if p is a prime of OK above p, then ρ− ρ̄ =
√
t2 − 4n /∈ p by the assumption
that p does not ramify in K. Also, ρ, ρ̄ /∈ p by assumption that gcd(p, n) = 1. Hence, we have
that ρp
2−1, ρ̄p











= −n−1 ∈ OK/p.
Now, suppose that p is ramified in Q(
√
t2 − 4n), so p divides t2 − 4n. Then with notation as
before, we have that
√
t2 − 4n ∈ p, and as we are assuming that n /∈ (p), we must have that
t /∈ (p) as well. In particular, this means that ρ, ρ̄ ≡ t
2
6= 0 ∈ OK/p. Consequently, it follows
from (2.5) that
Pk+m(p2−1)(t, n) ≡ (k +m(p2 − 1)− 1)ρk+m(p
2−1)−2
≡ (k −m− 1)ρk−2 ≡ (k −m− 1)nk−22 ∈ OK/p,




)2 ≡ n ∈ OK/p. Similarly, if t2 − 4n = 0, then the proof of
Theorem 2.1 shows that
Pk+m(p2−1)(t, n) = (k +m(p
2 − 1)− 1)22−k−m(p2−1)tk+m(p2−1)−2 ≡ (k −m− 1)nk−22 (mod p).

Furthermore, we will need the following important property of the Hurwitz class numbers [2]:








where the second sum is taken over all factorizations dd′ = n with d, d′ ≥ 1.
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Proof of Theorem 2.2. We use the Eichler-Selberg trace formula (2.4) to show that
m · Trk+(p2−1)(n) ≡ Trk+m(p2−1)(n) (mod p)
for k ∈ {0, 4, 6, 8, 10, 14} and n ≥ 1 such that gcd(p, n) = 1. The proof of Theorem 2.1 (i) shows
that Pk+(p2−1)(t, n) ≡ Pk+m(p2−1)(t, n) (mod p) whenever p is unramified in Q(
√
t2 − 4n). Thus,
denoting by S (resp. T ) the set of t ∈ Z such that t2 ≤ 4n and p is ramified (resp. unramified)
in Q(
√










(m− 1)Pk+p2−1(t, n)H(4n− t2) +
∑
dd′=n
(m− 1)min(d, d′)k+p2−2 ≡ 0 (mod p),
(2.8)
using that we have Pk+p2−1(t, n) ≡ Pk+m(p2−1)(t, n) (mod p) for t ∈ T by Lemma 2.3, and that
min(d, d′)k+p
2−2 ≡ min(d, d′)k+m(p2−1)−1 (mod p).
Suppose first that k 6= 0. We note that for t ∈ S, by Lemma 2.3 we have
mPk+p2−1(t, n)− Pk+m(p2−1)(t, n) ≡ m(k − 2)n
k−2
2 − (k −m− 1)nk−22
= (m− 1)(k − 1)nk−22 ≡ (m− 1)Pk(t, n) (mod p).
Similarly, for t ∈ T , Lemma 2.3 shows that Pk+p2−1(t, n) ≡ Pk(t, n). Moreover, since d, d′ 6≡ 0
(mod p), we have min(d, d′)k+p









≡ −2(m− 1) Trk(n) ≡ 0 (mod p),
where the last relation holds since Sk = 0 and therefore Trk(n) = 0 for each k ∈ {4, 6, 8, 10, 14}.
Now, consider the case in which k = 0. By Lemma 2.3, we have that
Pm(p2−1)(t, n) ≡ −n−1 (mod p)
whenever t ∈ T , and that
mPp2−1(t, n)− Pm(p2−1)(t, n) ≡ m · (−2)n−1 − (−m− 1)n−1 = (1−m)n−1 (mod p)
for t ∈ S. Hence (2.8) simplifies to
∑
t∈S







(m− 1)min(d, d′)p2−2 ≡ 0 (mod p),












≡ 0 (mod p).












≡ 0 (mod p).
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For any d, d′ such that dd′ = n, we have that min(d, d′)p
2−2 ≡ min(d, d′)−1 (mod p), since
min(d, d′) 6≡ 0 (mod p). Moreover, if we assume without loss of generality that d ≤ d′, then








2−2) vanishes term-wise mod p, and so we conclude
that (2.8) holds for k = 0. 
Remark. Note that the fact that we were able to relate (2.8) to the Eichler-Selberg trace formula
for k 6= 0, and that Trk(z) = 0 for the particular values of k considered in Theorem 2.2, simplified
the proof presented here. Had we been considering different values of k, we would have had to
work with sums of Hurwitz class numbers weighted by polynomial expressions in t. There are
many class number relations which address properties of sums of this form, studied for example
by Mertens in [6]. Mertens’ ideas could also be used to give a more complete classification of
congruences between different Hecke trace forms mod p, discussed in Theorem 2.1.
3. Divisor Polynomials mod p
Recall that the space Mk of modular forms of weight k on SL2(Z) is generated over C by
the monomials Eα4E
β







, this means that every modular form f ∈ Mk can be decomposed as in (1.4), where





0 k ≡ 0 (mod 6),
1 k ≡ 4 (mod 6),
2 k ≡ 2 (mod 6),
and ε :=
{
0 k ≡ 0 (mod 4),
1 k ≡ 2 (mod 4).
The divisor polynomial of a product of modular forms can be described as follows:
Proposition 3.1. If f and g are modular forms of even weights k1, k2 ≥ 4, respectively, then
F (fg; x) = xak1,k2 (x− 1728)bk1,k2F (f ; x)F (g; x),
where the values of (ak1,k2, bk1,k2) are given in the following table:
(mod 12) k1 ≡ 0 k1 ≡ 2 k1 ≡ 4 k1 ≡ 6 k1 ≡ 8 k1 ≡ 10
k2 ≡ 0 (0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)
k2 ≡ 2 (0, 0) (1, 1) (1, 0) (0, 1) (1, 0) (1, 1)
k2 ≡ 4 (0, 0) (1, 0) (0, 0) (0, 0) (1, 0) (0, 0)
k2 ≡ 6 (0, 0) (0, 1) (0, 0) (0, 1) (0, 0) (0, 1)
k2 ≡ 8 (0, 0) (1, 0) (1, 0) (0, 0) (1, 0) (1, 0)
k2 ≡ 10 (0, 0) (1, 1) (0, 0) (0, 1) (1, 0) (0, 1)
Table 3. Values of (ak1,k2, bk1,k2) for each k1, k2 (mod 12).
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Proof. Each entry of the table is computed in the same way, so we provide only an illustrative
example. Suppose that f is a modular form of weight k1 ≡ 2 (mod 12) and g is a modular form




2E6(z)F (f ; j(z)),
g(z) = ∆(z)
k2−10
12 E4(z)E6(z)F (g; j(z)).
Using that f(z)g(z) is modular of weight k1 + k2 ≡ 0 (mod 12), it follows that
f(z)g(z) = ∆(z)
k1+k2
12 F (fg; j(z)).





6F (f ; j(z))F (g; j(z)) = ∆
k1+k2
12 F (fg; j(z))
=⇒ F (fg; j(z)) = ∆−2E34E26F (f ; j(z))F (g; j(z)) = j(z)(j(z) − 1728)F (f ; j(z))F (g; j(z)),
where we are using that E4(z)
3 = ∆(z)j(z) and E6(z)
2 = ∆(z)(j(z) − 1728). 
We now turn to reductions of modular forms mod p. If f(z) is a modular form whose q-
expansion has p-integral coefficients, we can reduce all coefficients of f,∆, E4, and E6 mod p and
compute the divisor polynomial as before. We recall that Ep−1 ≡ 1 ∈ Fp[[q]], and that if f and g
are modular forms of even weights k1, k2 ≥ 4, respectively, such that f(z) ≡ g(z) 6≡ 0 ∈ Fp[[q]],
then k2 − k1 ≡ 0 (mod p− 1) [7, Proposition 2.43]. In particular, if k2 ≥ k1 and n = k2−k1p−1 , then
g and Enp−1f are modular forms of weight k2 with the same reduction mod p, and hence the same
divisor polynomial mod p. Recalling from [4] that F (Ep−1; x) ≡ S̃p(x) ∈ Fp[x], we can describe
the relationship between the divisor polynomials of f and g mod p by the following propositions:
Proposition 3.2. For p ≥ 5 prime and n ≥ 1, we have
F (Enp−1; x) ≡ F (Ep−1; x)nxδp⌊n/3⌋(x− 1728)εp⌊n/2⌋ ∈ Fp[x],
where δp and εp are as in (1.3).
Proof. This follows by induction on n from the formula
F (Enp−1; x) ≡ F (Ep−1; x)F (En−1p−1 ; x)xap−1,(n−1)(p−1)(x− 1728)bp−1,(n−1)(p−1) ∈ Fp[x],
where the values of (ap−1,(n−1)(p−1), bp−1,(n−1)(p−1)) are given in Table 3. 
Proposition 3.3. Let p ≥ 5 be prime, n be a positive integer, and f ∈ Mk and g ∈ Mk+n(p−1)
be such that f(z) ≡ g(z) ∈ Fp[[q]]. Then
F (g; x) ≡ F (f ; x)S̃p(x)nxδp⌊n/3⌋+a(x− 1728)εp⌊n/2⌋+b ∈ Fp[x],
where δp and εp are given in (1.3), and a, b are given by (ak,n(p−1), b = bk,n(p−1)) in Table 3.
Proof. As noted above, we have that
F (g; x) ≡ F (fEnp−1; x) ∈ Fp[x],
so by Propositions 3.1 and 3.2, it follows that
F (g; x) ≡ F (fEnp−1; x) ≡ F (f ; x)F (Enp−1; x)xak,n(p−1)(x− 1728)bk,n(p−1)
≡ F (f ; x)F (Ep−1; x)nxδp⌊n/3⌋+ak,n(p−1)(x− 1728)εp⌊n/2⌋+bk,n(p−1) ∈ Fp[x].

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4. Proofs of Theorems 1.1 and 1.3
We use the results of Sections 2 and 3 to prove more general versions of Theorems 1.1 and 1.3.
4.1. Divisor Polynomials of Trace Forms. Theorem 1.1 and Corollary 1.2 are immediate
consequences of the following more general result, which uses Theorem 2.1 and Proposition 3.3.
Theorem 4.1. If p ≥ 5 is prime, k ≥ 4 is an even integer, and
n =
{
(p2 + p)⌊ k
p3−p
⌋ k 6≡ 0, 2 (mod p3 − p),
(p2 + p)(⌊ k
p3−p
⌋ − 1) k ≡ 0, 2 (mod p3 − p),
then
F (Tk; x) ≡ F (Tk−n(p−1); x)S̃p(x)nxδp⌊n/3⌋+a(x− 1728)εp⌊n/2⌋+b (mod p),
where δp and εp are as defined in (1.3), and a, b ∈ {0, 1} are given by ak,n(p−1), bk,n(p−1) in
Proposition 3.1. In particular, S̃p(x)
n divides F (Tk; x) mod p.
Proof. With p, k, n as in the statement of the theorem, let k′ = k − n(p− 1). Then k′ ≥ 4 is an
even integer satisfying k′ ≡ k (mod p3− p). Hence by Theorem 2.1, we have that Tk(z) ≡ Tk′(z)
(mod p). Now, by Proposition 3.3,
F (Tk; x) ≡ F (Tk′; x)S̃p(x)nxδp⌊n/3⌋+a(x− 1728)εp⌊n/2⌋+b ∈ Fp[x],
where (a, b) = (ak′,n(p−1), bk′,n(p−1)) = (ak,n(p−1), bk,n(p−1)) since k
′ ≡ k mod p3 − p, and therefore
also mod 12. 
Corollary 4.2. If p ≥ 5 is prime, k is a positive integer such that k ≡ 12, 16, 18, 20, 22, 26
(mod p3 − p), and n = (p2 + p)⌊ k
p3−p
⌋, then
F (Tk; x) ≡ S̃p(x)nxδp⌊n/3⌋+a(x− 1728)εp⌊n/2⌋+b (mod p),
where δp and εp are as in (1.3), and a, b are given by ak,n(p−1), bk,n(p−1) in Proposition 3.1.
Proof. By assumption, k−n(p−1) ∈ {12, 16, 18, 20, 22, 26}, so in particular, F (Tk−n(p−1); x) = 1,
as Tk−n(p−1)(z) must be a constant multiple of the generator ∆(z)E4(z)
δE6(z)
ε of Sk, with δ, ε as
defined in (3.1). By the normalization of the q-coefficient Trk−n(p−1)(1) = 1, it follows that this
constant must be 1. The desired result now follows immediately from Theorem 4.1. 
4.2. Divisor Polynomials of Modified Trace Forms. Theorem 1.3 is a consequence of the
following more general result, which uses Theorem 2.2 and Proposition 3.3.
Theorem 4.3. If p ≥ 5 is prime and k ≥ p2 − 1 is an even integer such that k ≡ 0, 4, 6, 8, 10, 14
(mod p2 − 1), then
F (T̂
(p)
k ; x) ≡ m · F (T̂
(p)
k−n(p−1); x)S̃p(x)
nxδp⌊n/3⌋+a(x− 1728)εp⌊n/2⌋+b (mod p),
where m = ⌊ k
p2−1
⌋, n = (p + 1)(m− 1), and a, b ∈ {0, 1} are again given by ak,n(p−1), bk,n(p−1) in
Proposition 3.1. In particular, S̃p(x)
n divides F (T̂
(p)
k ; x).
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Proof. Let p, k,m be as in the statement of the theorem. Theorem 2.2 gives that
T̂
(p)
k (z) = m · T̂
(p)
k−(m−1)(p2−1)(z).
As in the remark following Theorem 2.2, we note that T̂
(p)
k (z) ≡ Θp−1Tk(z) (mod p), where Θ is
Ramanujan’s differential operator. Since for f ∈ Mk with integral coefficients, Θ(f) is the mod
p reduction of a modular form of weight k+p+1, it follows that T̂
(p)
k is the mod p reduction of a
modular form of weight k+ p2−1 [7, Proposition 2.44]. Similarly, T̂ (p)k−(m−1)(p2−1) is the reduction
of a form of weight k− (m− 2)(p2 − 1). Using these weights to compute divisor polynomials for
T̂
(p)
k (z) and T̂
(p)
k−(m−1)(p2−1)(z), we apply Proposition 3.3 to get
F (T̂
(p)
k ; x) ≡ m · F (T̂
(p)
k−n(p−1); x)S̃p(x)
nxδp⌊n/3⌋+a(x− 1728)εp⌊n/2⌋+b ∈ Fp[x],
where n = (m−1)(p+1), and (a, b) = (ak−(m−2)(p2−1),n(p−1), bk−(m−2)(p2−1),n(p−1)) = (ak,n(p−1), bk,n(p−1))
since p2 − 1 ≡ 0 (mod 12). 
5. Examples
We conclude by giving a number of examples of Proposition 3.3 as well as Theorems 4.1 and
4.3. These examples were computed using the SageMath code given in [3].
Example 5.1. Let p = 23 and k = 12172. Note that k = 28 + p(p2 − 1), hence k and 28 satisfy
the condition of Theorem 2.1 (i). We have that
T12172(z) = 1014q + 625630 . . . 201640q
2 + . . .
≡ 2q + 18q3 + 9q4 + 18q5 + 9q6 + . . . (mod 23)
where the coefficient of q2 is ≈ 6.3× 101831. The divisor polynomial of T12172(z) is then
F (T12172; x) ≡ 2(x+ 7)(x+ 4)552x184(x+ 20)276 (mod 23),
while
F (T28; x) ≡ 2(x+ 7) (mod 23).
Therefore,
F (T12172; x) ≡ F (T28; x)S̃23(x)nx⌊n/3⌋(x− 1728)⌊n/2⌋ (mod 23)
for n = (232 + 23)⌊ 12172
233−23
⌋ = 552, as indicated by Theorem 4.1.
Example 5.2. Let p = 5, k1 = 28 = 4 + (p
2 − 1), and k2 = 76 = 4 + 3(p2 − 1). Then k1 and k2
satisfy the conditions of Theorem 2.1 (ii). Using the Eichler-Selberg trace formula (2.4), we find
that
3 · T28(z) = 6q − 24840q2 − 3858840q3 + . . . ,
T76(z) = 6q − 57080822040q2 − 785092363818710040q3 + . . . .
As Theorem 2.1 indicates, we obtain that
3 · T28(z) ≡ T76(z) ≡ q + 3q4 + 2q6 + 2q9 + . . . (mod 5).
Moreover, the divisor polynomials F (Tk1; x) and F (Tk2 ; x) are such that
3 · F (T28; x) ≡ (x+ 4) (mod 5),
F (T76; x) ≡ x4(x+ 4) (mod 5).
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Therefore, we find that
F (T76; x) ≡ 3 · F (T28; x)S̃5(x)nx⌊n/3⌋ (mod 5)
for n = 78−26
5−1
= 12, which is in agreement with Proposition 3.3.
Example 5.3. Let p = 17 and k = 582. Note that k = 6 + 2(p2 − 1), hence k satisfies the
conditions of Theorem 4.3. We have that
T̂
(17)
582 (z) = 14q + 3q
4 + 12q9 + 13q13 + 16q15 + . . . .
The divisor polynomial of T̂
(17)
582 (z) is then
F (T̂
(17)
582 ; x) ≡ 14 · x14(x+ 9)42Q(x) (mod 17),
while, for 6 + p2 − 1 = 294,
F (T̂
(17)
294 ; x) ≡ 7 · x8(x+ 9)24Q(x) (mod 17),
where Q(x) ∈ Fp[x] is the irreducible polynomial








for n = (17 + 1)(⌊ 582
172−1
⌋ − 1) = 18, as indicated by Theorem 4.3.
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